Fluid simulations, which are considerably simpler and faster, have been employed to study the behavior of the wake field driven by a relativistic rigid beam in a 2-D cold plasma. When the transverse dimensions of the beam is chosen to be much larger than its longitudinal extent, a good agreement with our previous 1-D results [Physics of Plasmas 22, 073109 (2015)] are observed for both under-dense and over-dense beams. When the beam is overdense and its transverse extent is smaller or close to the longitudinal extension, the 2-D blow-out structure, observed in PIC simulations and analytically modeled by Lu et al. [Phys. Rev. Lett., 96, 165002 (2006)] are recovered. For quantitative assessment of particle acceleration in such a wake potential structure test electrons are employed. It is shown that the maximum energy gained by the test electrons placed at the back of the driver beam of energy ∼ 28.5 GeV, reaches up to 2.6 GeV in a 10 cm long plasma. These observations are consistent with the experimental results presented in ref. [Phys. Rev. Lett. 95, 054802 (2005)]. It is also demonstrated that the energy gained by the test electrons get doubled (∼ 5.2 GeV) when the test particles are placed near the axis at the end of the first blowout structure.
INTRODUCTION
Being an ionized medium, plasma (density n 0 = 10 18 cm −3 ) can support an electric field of the order of hundreds of Giga-Volts in a meter which is several orders of magnitude stronger than that obtained from conventional accelerators [1, 2] . This distinct feature of plasma offers a way to design compact and affordable high-performance accelerators in which the charge particles get accelerated by the electric field associated with the plasma wave (so-called "wakefield"). These accelerating structures or wakefields are excited either using an ultra-intense laser pulse (LWFA) or relativistic electron beam (PWFA) propagating near the speed of light inside the plasma [3] [4] [5] [6] [7] . Here we focus on the excitation of relativistic electron beam driven wakefield, known as plasma wakefield acceleration (PWFA). It was first proposed by Chen, Huff, and Dawson as a means of coupling the relativistic electron beam to the electron plasma wave [8] .
When an electron beam propagates inside a plasma, it expels nearby plasma electrons due to its space charge force. Ions do not respond because of their heavy mass. As the beam (pulsed) passes, the repelled electrons get attracted by the massive ions and hence they come back to neutralize the medium. Further, they overshoot the ions because of their inertia. Finally, these electrons oscillate around their individual ions and sustain a wave in the wake of the beam. Note that the phase velocity of the wake wave is equal to the velocity of the beam [9, 10] and independent of plasma parameters (e.g. density and temperature). If an electron bunch rides this plasma wave at an appropriate phase, it can be accelerated to high energies. This scheme is most suitable to boost the energy of the existing linacs. The success of PWFA scheme has been demonstrated in a number of experiments by accelerating charge particles to GeV energies [11] [12] [13] . The most striking PWFA results were reported by Blumenfeld et al. [14] in 2007, where a 42 GeV electron bunch efficiently accelerates the trailing electrons up to maximum energies of 85 GeV in a meter long plasma. In 2014, Litos et al. [15] designed an experiment using a separate trailing bunch surfing in an accelerating gradient of 4.4 GV/m. Using the separate bunches, they have minimized the energy spread of the accelerated beam up to ∼ 2 percent on average. These results demonstrate the viability of PWFA scheme in high energy physics applications. In terms of theoretical work, till date, both linear and nonlinear theory in 1-D has been well established to examine PWFA scheme for several driver configurations over a wide range of beam parameters [16] [17] [18] [19] . Numerical simulations using both fluid [19] and Particle-In-Cell (PIC) [24] technique for 1-D case have also been carried out. In 2-D, the theoretical studies for the excitation of wakefield have been done only in the linear regime and for specific set of beam configurations [20, 21] . In the non-linear regime, the exact expression of 2-D wakefields is formidable and hence it has been described by an analytically modeled results given by Lu et al. [22] . However, these theoretical studies on wakefield description have relied on quasistatic approximation where the selfconsistent evolution of the beam is ignored. Furthermore, the non-linear analytical model given by Lu et al. fails to predict the correct form of wakefield structure near the edge of the blow-out. Therefore, in higher dimensions, the experimental PWFA results are mostly guided by the extensive numerical simulations. Presently, the simulations in this area have been performed using particle-inCell (PIC) techniques (e.g. OSIRIS, EPOCH, QUICK-PIC etc.) [23] [24] [25] . These PIC simulations compute the trajectories of billions of particles for hundreds of plasma periods. Therefore these simulations are computationally heavy and time-consuming. Hence we require powerful computational facilities for such PIC studies.
In this paper, we seek the possibility of fluid simulations as simplification in comparison to any sophisticated PIC studies, to provide a reasonable empirical guidance on PWFA concept. Proposing two-fluid description of plasma wave excitation, two-dimensional fluid simulations have been employed to study the excitation of relativistic electron beam driven wakefield in a cold plasma. We have performed our simulations using a rigid beam for several beam configurations. It is observed that for both under-dense and over-dense beam having a large transverse extension than the longitudinal extension (direction of propagation), the axial profiles of the excited wakefield obtained from our simulation show a good agreement with the 1-D results of Ratan et al. [19] . In the other limit i.e. when the transverse dimensions of the beam are smaller or close to its longitudinal extension, the simulation results deviate considerably from the 1-D results. A 2-D analytical study of the linear wake structure is also presented which compares well the simulation results for small amplitude excitations. It is found that the excitations created by a short, over-dense beam in simulations are shown to exhibit a "blowout" (a cavity free from cold plasma electrons) structure. For over-dense beams, the space-charge force of the beam evacuates all the plasma electrons from its vicinity and creates a pure ion channel behind, which is known as "blowout". The key features of the blowout are, i) the mono-energetic electron beam can be self-generated in this region, ii) the accelerating gradients are nearly constant and the focusing fields are linear inside the blowout, iii) driver beam can propagate many betatron wavelengths without any significant spreading. In recent days, most of the PWFA experiments are designed and operated in this regime for generating high quality beam [11, 14, 15] . We show that the excited blowout wake structure observed in the fluid simulation for a short, overdense beam, also matches with the analytically modeled results of Lu et al. [22, 27] . These comparisons are made before the wake wave breaks as fluid simulations subsequent to breaking become irrelevant. The breaking of wake wave is identified in the fluid simulation by observing the density profile of plasma which exhibits sharp structures (spiky) just after the breaking [28] [29] [30] [31] . In addition, the wave breaking is also observed by tracking the total energy of the system which does not remain conserved after the breaking. Further, using the expression for the analytical excursion length of the electrons, we have been able to show that it exceeds the curvature of the blow out structure just before the onset of wave breaking process [26] . In fluid simulations, it is seen that the wake structure or the blow-out structure gets destroyed after the breaking. However, we have observed that the excitations can survive hundred of plasma periods without any significant deformation for n b /n 0 ≤ 5; where n b and n 0 represent the beam density and equilibrium plasma density respectively.
Further, we employ test particles (electrons) in the fluid simulation to estimate the energy gain in the process of acceleration. It is observed that the electrons from the back of the driver beam of energy 28.5 GeV can gain up to a maximum energy of 2.6 GeV in a 10 cm long plasma channel. These results show a good conformity with the experimental results given in ref. [11] , where an energy gain of 2.6 GeV in a 10 cm long plasma is shown. We have experimented with the location of injection of the test particles and observe that their energy gain can be doubled to ∼ 5.2 GeV when they were placed near the axial edge of the first blowout potential structure. The paper has been organized as follows. In next section (Section -II), we present the basic governing equations used in the 2-D fluid simulation as well as in the analytical works. Our numerical observations and associated discussions have been covered in section-III. In section IV, we present the results obtained from the test particle simulations. Finally, we have summarized our study in section V.
GOVERNING EQUATIONS AND SIMULATION DESCRIPTION
The basic equations governing the excitation of 2-D relativistic electron beam driven wakefield in a cold plasma are the relativistic fluid-Maxwell equations. The equations contain the equation of continuity and the equation of momentum for plasma electrons. The dynamics of ion have been ignored because of their heavy mass. They only provide a neutralizing background. In this work, the beam has been treated as rigid and its evolution has been ignored. Clearly, this approximation is realistic and valid when the beam is sufficiently energetic [19] . Therefore, the basic normalized governing equations for the excitation of relativistic electron beam driven wakefield in a cold plasma can be written as,
where p = γ v is the momentum of plasma electron having velocity v and density n; where γ = 1 − v 2 −1/2 is the relativistic factor associated with plasma electron. Here, n b and v b represent the density and velocity respectively of the beam electrons. In the above equations, E and B represent the electric and magnetic field respectively. The equations are solved in 2-D geometry ("x-y" plane) in which the beam propagates along x-direction. The following normalization factors have been used for the above
. Equations (1-6) are the key equations to study the 2-D excitation of relativistic electron beam driven wakefield in a cold plasma.
The above equations (1-6) are solved using twodimensional fluid simulation techniques.
The twodimensional fully electro-magnetic fluid code has been developed using LCPFCT suite of subroutines which are based on flux-corrected transport scheme [32] . The basic principle of this scheme is based on the generalization of two-step Lax-Wendroff method [33] . The onedimensional LCPFCT subroutines have been used repetitively to construct the 2-D fluid code by splitting the time steps in the different directions (x and y). We have solved the equations (1-6)) using this code with non-periodic (open) boundary conditions. Initially, we have introduced the beam at one end of the simulation window which propagates with a constant velocity along x-direction towards another end. At each time step, it is checked that the results must satisfy equations (5) and (6) . The code has been benchmarked against the widely used Particle-In -Cell (PIC) code OSIRIS [23] reproducing some standard known results [34, 35] .
SIMULATION OBSERVATIONS AND ANALYSIS
In this section, we present our numerical observations and a detail discussion based on these observations. The excitation of wakefield is carried out for a bi-Gaussian beam having density profile n b = n b0 exp(− (1) and (2) shows the axial profile of longitudinal electric field (E x ) obtained from our 2-D simulation by integrating along the transverse directions and the 1-D profile given in ref. [19] for the same values of the beam parameters. It is seen that the simulation results match with the 1-D results for l s < 1 and deviate for l s > 1. It indicates that, for a beam having a small transverse extension compared to its longitudinal length, the effect of transverse magnetic field plays an important role. The transverse magnetic field bends the trajectories of the electrons. Hence the charge separation decreases in the longitudinal direction and we observe a significant suppression in the amplitude of the longitudinal electric field in 2-D than that obtained from 1-D theory.
For the sake of completeness, an analytical solution of relativistic electron beam driven wakefield in the linear regime (i.e. n b << 1) is also presented in this paper. The analytical solutions are obtained in cylindrical co-ordinates (r, θ, x) system corresponding to cartesian co-ordinates (x, y, z); where r = y 2 + z 2 and θ = tan −1 ( z y ) represent the radial and azimuthal coordinates respectively. We have also considered the azimuthal (θ) symmetry in the following derivation i.e. ∂/∂θ ≡ 0. Following the method given in ref. [21] , the equation of continuity for perturbed plasma density (n in 1 = n in − 1) inside the beam in a co-moving frame ( ξ = x − v b t, r) can be written as,
where v b = 1 and ξ f = 2πω pe l b /c defines the value of ξ at the tail of the beam having physical length l b . A schematic diagram of the dynamics of the beam in (ξ, r) frame is shown in Fig. (3) . In this frame, the beam exists in the region −ξ f ≤ ξ ≤ 0. As the beam propagates to a speed equal to the speed of light, the profile of n 1 (ξ, r) = 0, v(ξ, r) = 0, E(ξ, r) = 0 and B(ξ, r) = 0, at the front of the beam (ξ > 0). In this frame (ξ, r), using the relations B = ∇ × A and E = − ∇φ − 
At the wake of the beam i.e. in the region −∞ ≤ ξ ≤ −ξ f , the density of the beam n b = 0. Thus the equations (7) and (8) outside the beam −∞ ≤ ξ ≤ −ξ f can be written as, 
At the front of the beam (ξ > 0), the perturbed plasma density n 1 (ξ, r) = 0, as the perturbation can not travel faster than speed of light. The solution of G(ξ) for a bi-parabolic can be written as,
Therefore, the form of perturbed plasma density inside the beam is,
Substituting the form of n in 1 in Eq. (8), the solution of (A in 1x − φ in 1 ) can be written as,
Where
Here I 0 and K 0 represent modiefied Bessel function of first and second kind respectively. Integrating the equation of F (r) in the range 0 < r < a, we get,
Substituting the form of F (r) in Eq. (14), we have,
The longitudinal electric field inside the beam is, −∞ ≤ ξ ≤ −2b (17) where A(r) and B(r) are the integration constants. It is to be noted that the perturbed plasma density (n 1 ) and the derivative of the plasma density w.r.t. ξ has to be continuous at the end of the beam ξ = −2b. Therefore, we have n wake 1 (−2b, r) = n in 1 (−2b, r) and ∂ ξ n wake 1 (−2b, r) = ∂ ξ n in 1 (−2b, r). Using these conditions, we get,
Here 'prime' represents the differentiation w.r.t. ξ. Solving the above equations of A(r) and B(r), we get, A(r) = −n b0 f (r)(G(−2b)sin(−2b) + G (ξ f )cos(−2b)) and B(r) = −n b0 f (r) (G(−2b)cos(−2b) − sin(−2b)G (−2b)). Substitutuing the form of n 1 and integratiing the equation (11), we get, (3) and (4), we have plotted the axial profile (y = 0 plane) of longitudinal electric field obtained from our simulation along with the 2-D linear analytical profile obtained from Eqs. (16) and (21) at y = 0(r = 0) on the top of 1-D theoretical profile given in ref. [19] . The 1-D results are obtained by solving Eqs. (8) in ref. [19] both inside and outside the beam for a bi-parabolic beam. We have observed that the simulation result matches with the 2-D theoretical results for any arbitrary values of b/a in the linear regime. This validates our simulation results for the excitation of relativistic electron beam driven wakefield in a cold plasma. For a beam having b/a ≥ 1 (see Fig. 5 (d) ), the longitudinal electric field profile obtained from the simulation deviates from 1-D result. This certainly concludes that the finite transverse size of the beam plays an important role in the excitation. For a beam having transverse size larger than the longitudinal extension, the excitation tends to be more electrostatic in nature. On the other hand, the excitations exhibit electromagnetic nature for a beam having transverse size smaller or equal to the longitudinal extension. This happens due to finite transverse size of the beam for which the electric fields acquires a curvature leading to the appearance of the transverse magnetic fields. These transverse magnetic fields restrict the longitudinal movement of electrons. Hence the charge separation in longitudinal direction decreases. Therefore the amplitude of the longitudinal electric field in 2-D decreases significantly than that obtained from 1-D cases (see Fig. 5 (d) ).
Fluid simulation in the blowout regime
Here we present the excitation of wakefield driven by a relativistic electron beam having density higher than the equilibrium plasma density. In all cases, the fluid simulations are performed using a rigid, bi-gaussian beam. In Fig. (6) , we plot the excitation of wakefield in terms of longitudinal electric field and perturbed plasma density profile for n b0 = 2, v b = 0.9999, σ x = 1 and σ y = 0.4. It is observed that the excitation exhibits blowout structure in the simulation. Fig. (7) shows the excitation for n b0 = 1, v b = 0.9999, σ x = √ 2 and σ y = 0.4. We have also plotted the analytical profile of longitudinal electric field (dotted blue line) in Fig. (7(c) ) and a curve of blowout (solid red line) in (7(d)) obtained from the analytical modeled results presented in ref. [22, 27] . The profile of analytical blowout curve and longitudinal electric field is obtained by solving the equations (46) and (47) given in ref. [27] , using the same parameter values. It is seen that our simulation results show a good agreement with the analytical results. However, for a beam density n b0 = 7, v b = 0.9999, σ x = √ 2 and σ y = 0.4, the numerical results deviate from analytical theory after several plasma periods (see Fig. 8 ). For a sufficiently intense beam, the beam expels all nearby plasma electrons which get accumulated near the edge of the blowout. The size of the blowout gradually increases and eventually gets destroyed exhibiting sharp spikes in the density profile.This is a clear signature of wave breaking [28] [29] [30] [31] . Recently, Deepa et al. [35] have shown that the total energy of the system must drop down after the wave breaking in the fluid simulation. This happens because wave breaking results in transfer of energy to high wave number which can not be resolved by the chosen grid size. The fluid description is no longer valid after the wave breaking. The total energy of the system (T tot ) in our simulation at a given time t can be written as,
where T kin and T f ield are the kinetic and field energy of the system respectively. The kinetic energy and the filed energy of the system is given by,
where
z are the square of the magnitude of the electric and magnetic field respectively. Here i and j represent the index (integers) corresponding to the grid numbers along x and ydirections respectively. N x and N y are the total number of grid points along x and y-directions in the system respectively. The second term in the R.H.S of the Eq. (23) represents the energy term for the driver beam. At each time, we have numerically calculated the total energy using the above expressions of energy term for beam density n b0 = 7, v b = 0.9999, σ x = √ 2, σ y = 0.4 and plotted in Fig. (9) as a function of time (t). It is observed that the total energy of the system drops down just after the wave breaking as shown in Fig. (9) . Further, the wake wave breaking time can be obtained by calculating the excursion length of the electrons. It is well known that the wake wave breaks when the excursion length exceeds the value of the radius of curvature [26] . In Fig. (8) , it is clear that the wave first breaks at the axial edge of the blowout. By fitting a circle at the axial edge of the blowout before it gets destroyed, we have calculated the value of the radius of curvature R = 3.5. The excursion length is defined as l e = Emax ω 2 ; where E max and ω are the maximum electric field at the blowout and the characteristic frequency of the wake wave respectively. Before the wave breaking time i.e. at t = 2.8, we have found l e = 2.9 < R, and l e = 4.2 > R after the wave breaking (t = 8). However, for a beam density n b0 ≤ 5, it is observed that the blowout can survive hundreds of plasma periods without any significant deformation in the fluid simulation.
TEST PARTICLE SIMULATION AND RESULTS
In this section, we have performed the test particle (electron) simulation to study the energy gain in the process of acceleration. Test electrons are introduced into the fluid simulation and their energy distribution is studied at different times. The dynamics of the test electron are determined by the equation of motion,
−1/2 is the momentum of i-th electron having velocity v i . The basic principle for advancing the position and velocity of the test particle in time is based on the Boris pusher algorithm [36] . The self-consistent effect of test electrons on the wakefield has been ignored. In our first numerical experiment (shown in (10)), we have randomly distributed 10000 electrons with initial velocity v i (t = 0) = 0 (extremely cold electrons) in all over the simulation box. The beam ( n b0 = 3, σ x = √ 2, σ y = 1, v b = 0.99999999) is then employed in the simulation which propagates from one end to other end. The beam creates the wakefield (blowout) which then traps the nearby test electrons in its potential well. The trapped electrons gain energy by the electric field of the blowout and propagate near the speed of beam. We have plotted the velocity distribution function of these particles at t = 0 and 50). It is observed that the test electrons can gain maximum 40 MeV energy in a length of 50 ( c ωpe ).
Next, we have simulated the experimental results given in ref. [11] , where an electron beam having total number of electrons N = 1.8 × 10
10 , σ x = 20µm, σ y = 10µm and energy 28.5 GeV is injected in a plasma (n 0 = 2.8 × 10 17 cm −3 ). Normalizing the quantities, we get, n b0 = 2, σ x = 2, σ y = 1, v b = 0.9999999998461. Using these values of the normalized beam parameters and also with 10000 test electrons as a form of beam having same initial energies of 28.5 GeV injected with the driver beam, we have performed our simulation (see Fig. 11 at t = 0). It is observed that the electrons from the front of the test beam lose their energy and the electrons from the back of the beam gain the maximum energy of 200M eV in a length of 77 ( c ωpe ) (see Fig. 11 at t = 77). This shows that the electrons can gain maximum energy up to ∼ 2.6 GeV in a 10 cm (10 4 c ωpe ) long plasma. These results show a good conformity with the experimental results given in ref. [11] . Further, for same beam parameters, we inject the test electron beam near the axial edge of the first blowout structure, where the amplitude of the longitudinal electric field is maximum (shown in fig. (12) ). It is observed that the electrons can gain the maximum energy of 400 MeV in a length of 77 ( c ωpe ). Therefore, the max. energy gained by these test electrons placed near the blowout can be doubled ∼ 5.2 GeV after passing 10 cm long plasma.
SUMMARY
The 2-D excitation of relativistic electron beam driven wakefield in a cold plasma is studied using fluid simulation techniques. The simulation results show a good agreement with 1-D results [19] for a beam having larger transverse extension compared to the longitudinal extension. It is also shown that, for short and over dense beam, the structure of the excited wake field exhibits blowout which also matches with the analytically modeled results given in ref. [27] . Further, injecting the test particles in the simulation, we show that the maximum energy gains 2.6 GeV by an electron from the back of the beam of energy 28.5 in a 10 cm long plasma, matches with the earlier experimental observation presented in ref. [11] . Using a discrete trailing beam instead of accelerating electrons from the back of the driver, which is placed near the axial edge of the first blowout, the maximum energy gain is found to be doubled ∼ 5.2 GeV. 
